Quantum Limits of Measurements Induced by Multiplicative Conservation Laws: 
Extension of the Wigner-Araki-Yanase Theorem 
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The Wigner-Araki-Yanase (WAY) theorem shows that additive conservation laws limit the ac- 
curacy of measurements. Recently, various quantitative expressions have been found for quantum 
limits on measurements induced by additive conservation laws, and have been applied to the study 
of fundamental limits on quantum information processing. Here, we investigate generalizations of 
the WAY theorem to multiplicative conservation laws. The WAY theorem is extended to show that 
an observable not commuting with the modulus of, or equivalently the square of, a multiplicatively 
conserved quantity cannot be precisely measured. We also obtain a lower bound for the mean-square 
noise of a measurement in the presence of a multiplicatively conserved quantity. To overcome this 
noise it is necessary to make large the coefficient of variation (the so-called relative fluctuation), 
instead of the variance as is the case for additive conservation laws, of the conserved quantity in the 
apparatus. 

PACS numbers: 03.65.Ta, 03.67.-a 
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I. INTRODUCTION 

In recent investigations [J, i, i, i, i, 0, 0, S, i] it has 
been established that conservation laws put a precision 
limit or compensating resource requirements on quantum 
information processing. Quantitative analysis suggests 
that conservation laws lead to undesirable entanglement 
of the object system with the control system, such as 
atom qubits controlled by the Jaynes-Cummings interac- 
tion with an electromagnetic field, causing decoherence 
of the object system, even if the environment induced 
decoherence is completely suppressed. Such limitations 
would disappear if the control system were considered to 
be macroscopic, so that this effect is of a quantum nature 
of the control system. 

This sort of quantum limit has, however, long been 
known for measurements. Wigner first claimed in 
1952 that an observable which does not commute with an 
additively conserved quantity cannot be measured pre- 
cisely. In 1960, Araki and Yanase [ill rigorously proved 
the impossibility of nondestructive [44| and precise mea- 
surement of a discrete observable not commuting with 
a bounded additively conserved quantity such as angular 
momentum; the result has been called the Wigner-Araki- 
Yanase (WAY) theorem. Subsequently, Yanase [l^l found 
a bound for the accuracy of spin measurement and con- 
cluded that in order to increase the accuracy one needs 
to use a very large measuring apparatus; see also Wi gne r 
[l3t and Ghirardi, Miglietta, Rimini, and Weber [13, 111- 

In order to extend the WAY theorem to continuous ob- 
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servables, one of the present authors [1^, [Tjl introduced 
a quantitative approach using commutation relations of 
noise operators. He showed the impossibility of nonde- 
structive and precise measurement of an observable not 
commuting with additively conserved quantity in an ap- 
propriate limit sense, and yet showed the possibility of ar- 
bitrarily precise, nondestructive measurement of any ob- 
servable having a c-number commutator with additively 
conserved quantity, such as position measurement under 
the momentum conservation law; see also Stein and Shi- 
mony [l^ . As a quantitative generalization of the WAY 
theorem, a lower bound for the sum of the mean-square 
noise and the mean-square disturbance was obtained in 
Ref. Q and used to give a precision limit to realizing 
universal quantum gates in Ref. [l|. 

There has been a debate as to whether the WAY 
theorem can be extended to destructive measurements. 
Ohira and Pearle [l^ constructed a model by which they 
claimed the possibility of precise measurement of a spin 
component under the spin conservation law in any di- 
rection. However, one of the present authors [l^l pointed 
out that the claim is a circular argument, since the model 
only transfers the problem of measurement of object spin 
in one direction to the measurement of the spin of the 
probe in the same direction. In the same paper, it was 
shown by establishing a lower bound for the mean-square 
noise of the measurement that there is no measurement 
model for the precise measurement of an observable not 
commuting with a bounded conserved quantity if the me- 
ter observable is required to be measured nondestruc- 
tively. 

This lower bound was subsequently shown Q to be a 
consequence of the noise-disturbance uncertainty princi- 
ple [U, , to solve a long-standing question as to how 
the WAY theorem relates to the uncertainty principle, 
and was used to derive the limit of the achievable gate fi- 
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delity of realizations of the Hadamard gate under the an- 
gular momentum conservation law; see also Refs. 0,I1,[1]- 

In this paper, we investigate an entirely new generaliza- 
tion of the WAY theorem and show that the WAY theo- 
rem can be extended in a relatively similar formulation to 
multiplicative conservation laws qualitatively and quan- 
titatively . The inevitable mean-square noise induced 
by the presence of a multiplicatively conserved quantity 
is evaluated to show that to overcome the limit we need 
to make large the coefficient of variation (or the so-called 
relative fluctuation) of the conserved quantity in the ap- 
paratus. We also show that the extension of the WAY 
theorem to the multiplicative case includes the additive 
case as a corollary. Furthermore, we obtain a limitation 
on such a measurement of an observable that the mea- 
suring interaction has an invariant state. 

In Section [ni the concept of generalized measurements 
is reviewed, and the measurement models considered by 
Araki and Yanase [ll| are characterized as those mea- 
surement models with both zero mean-square noise and 
zero mean-square disturbance. In Section IIIII an exten- 
sion of the WAY theorem to multiplicatively conserved 
quantities is proved and an application to quantum sta- 
tistical mechanics is discussed. In Section IIVI a lower 
bound for the mean-square noise induced by the pres- 
ence of a multiplicatively conserved quantity is obtained. 
Furthermore, an extension of the WAY theorem is also 
derived to destructive measurements under multiplicative 
conservation laws. 



II. MEASURING PROCESSES 

A mathematical proof of the Wigner- Araki- Yanase the- 
orem was first given by Araki and Yanase In their 
formulation, a measuring process is modelled as follows. 
Let A be an observable of a quantum system S repre- 
sented by a Hilbert space 7i; in this paper, all Hilbert 
spaces are assumed separable, or of at most countably 
infinite dimension. It is assumed that A has eigenvalues 
/X with corresponding complete orthonormal eigenvectors 
I^^Mp) in H, i-e., 

^I'/'mp) = mI0mp> (1) 

and {4>^p\4>^i p') — Spp'Spp'. Here the index p represents 
the degeneracy parameter of the eigenvalues of A. Fol- 
lowing von Neumann [2^, it is assumed that the mea- 
surement of ^ in a state |(/)) S 7i is carried out by an 
interaction with a probe system P described by a Hilbert 
space /C in its initial state |^) S /C. The time evolution 
of the composite system S -I- P during the interaction 
is represented by a unitary operator U on Ji® JQ. It is 
assumed that the relation 

p' 



holds with the distinguishability condition (see footnote 
3 of Ref. [lH) 

{Xppp'\Xi,acr') — (3) 

if j-i ^ v. After the interaction, a meter observable M on 
/C is measured to obtain the outcome of the measurement, 
where M is given by 

M\X^pp,) ^ p\X^pp,) (4) 

for all /i, p, p' , where p varies over a countable set of real 
numbers, and p and p' vary over a countable index set 
depending on the value of p. 

The above model describes a class of physically real- 
izable measurements [23| . but is not sufficiently general 
to include all the physically realizable measurements. In 
the modern approach [H, [3, [H, HI] , an exhaustive class 
of measurements is formulated as follows. Let A(x) be a 
measuring apparatus with macroscopic output variable x 
to measure observable A possibly with some error. The 
probe system P with a Hilbert space /C, a part of the 
apparatus, is initially prepared in a state |^) G /C, and 
interacts with the system S during a finite but short time 
interval [46l | , in which the composite system S -I- P under- 
goes the time evolution described by a unitary operator 
U on Ti,® IC- After the interaction, a meter observable 
M on JC is measured to obtain the macroscopic output x. 
According to the Born statistical formula, if the system S 
is initially in a state |0) S the probability distribution 
of the output x is given by 

Pr{xG A} = ®S*^(A)]i7|i^®0f , (5) 

where E^^ {/^) is the spectral projection of M correspond- 
ing to a Borel set or an interval A; throughout this paper, 
index 1 refers to the system S and 2 to the probe P, and 
accordingly Ii and I2 refer to the identity operators of S 
and P, respectively. The mappin g E '^' : A i~> _B*^(A) is 
called the spectral measure of M [23| . 

It is well-known that every measurement is associated 
with a probability operator-valued measure (POVM) [2^ 
that describes the output probability distribution. The 
POVM H of the apparatus A(x) is given by 

Ii{A)^m^[h®E^\^)]U\C) (6) 

for all Borel set A, where (CI • • • 10 stands for the par- 
tial inner product on /C; the mapping H : A i-^ n(A) 
is a positive operator-valued measure satisfying the nor- 
malization condition H(R) = /i. Then, from Eq. ^ the 
output probability distribution satisfies 

Pr{xeA}=||H(A)V2|^)f. (7) 

We say that the apparatus A(x) described by the mea- 
suring process (1C,\^),U,M) precisely measures observ- 
able A if the output probability distribution satisfies the 
Born statistical formula for observable A, i.e., 

Pr{xeA} = ||i?^(A)|V^)||2 (8) 
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for any state \tp) € 'H- In terms of POVM, from ^ this 
condition is equivalent to the condition that the POVM 
of the apparatus coincides with spectral measure of the 
observable i.e., 11 = E^. This condition is also equiv- 
alent to the relation 

i7t[/i®S*^(A)]C/|i^(8)0 -^^(A)®/2|V'®0 (9) 

for any Borel set A and state ji/;) G 7Y, since two pro- 
jection operators ® E^^ {A))U and £'^(A) (g) I2 are 
identical on the space |^) if and only if their expecta- 
tion values are identical for all states in that space. The 
last condition is also equivalent to the condition that in 
the Heisenbcrg picture the meter observable M precisely 
evolves to the observable A to be measured, i.e., 

U^Ii®M)U\':p(g)0=A(E)l2\ip(E>0 (10) 

for any states \ip) in the domain of A, since two operators 
U^Ii (g) M)U and A are identical on the space H ® |^) if 
and only if their spectral measures are identical on that 
space. To quantify the difference between the both sides, 
we introduce the root-mean-square noise e{A, \ip)) of the 
measurement of A in the state lip) defined by 

e{A,m^\\N\^p®Ol (11) 
where the noise operator N is defined by 

N ^U^Ii®M)U -A^h. (12) 

Then, the precise measurement is equivalently character- 
ized by the condition 

e{A,m = (13) 

for any states in the domain of A [2^ . 

We say that the apparatus A(x) does not disturb an ob- 
servable B on 7i if the time evolution U does not change 
the probability distribution of observable B, i.e., 

\\E^{Amr = \\[E^{A) ® hplij ® Of (14) 

for all states 1-0) G Ti- This condition is also equivalent 
to the relation 

U^[E^{A) ® l2]U\iP ® = E^i^) ®W® (15) 

for any Borel set A and state \ip) € 7i by a similar rea- 
soning as above. The last condition is also equivalent to 
the condition that in the Heisenberg picture the time evo- 
lution during the measuring interaction does not change 
the observable B, i.e., 

U^B (g) hWlij (E) ^ B (g) hli^ (g) £,) (16) 

for any states in the domain of B [2^ . or the condition 
that B ® I2 commutes with C/, i.e., 

[B®/2,?7]|V'®0 = (17) 

for any states in the domain of B (2^ . 



To quantify the difference between both sides of 
Eq. (|16p the root-mean-square disturbance r](B, {-ip)) of 
the observable i? in a state \ip) is naturally defined by 

r,{B,m^\\D\ij(gOl (18) 
where the disturbance operator D is defined by 

D^U\B®l2)U -B®l2. (19) 

According to Eq. the apparatus A(x) does not 

disturb the observable B if and only if 

7/(B,|^)) =0 

for all states in the domain of B (2^ . 

We say that an apparatus A(x) nondestructively and 
precisely measures an observable A if A(x) precisely mea- 
sures A without disturbing A, i.e., 

e{A,^) = r,{A,i;) = (20) 

for any state \tfj) in the domain of A. 

Now, we shall show that the measurement models 
considered by Araki and Yanase [ll| mentioned above 
are characterized by the above condition ((20)) . To for- 
mulate the statement, an apparatus A(x) described by 
{IC,\^) ,U, M) is said to be of the Araki- Yanase type if 
there is a complete orthonormal basis {l^^p)} in 7i and a 
family {\X^pp>)} of vectors in IC satisfying Eqs. ([2|), ([3|, 
and Q. 

Theorem 1. An apparatus A(x) described by 
(IC,\S,),U, M) nondestructively and precisely mea- 
sures an observable A on Ti. if and only if A(x) is of 
the Araki- Yanase type. In this case, the observable A is 
uniquely determined by relation ([T]). 

Proof. First, suppose that A(x) is of the Araki- Yanase 
type and let A be defined by H]). Then, from conditions 
dll) and (g]), we have 

U^ih ® M)U\(t>t,p ®S.)=A® l2\<l>pp <8> (21) 

for any eigenvector \(j>pp) of A. From the completeness of 
\4>tip) in H, the preciseness condition holds, i.e., Eq. 
holds for all states jV') in the domain of A. Similarly, the 
condition for nondestructive measurements is shown to 
be satisfied. Next, suppose that A(x) nondestructively 
and precisely measures an observable A on Ti. First, we 
shall show that the observable A has purely discrete spec- 
trum by appealing to a general theorem stating that if 
the apparatus A(x) satisfies the repeatability hypothe- 
sis, then the observable A has purely discrete spectrum 
(Theorem 6.6 of Ref. [IJ). In order to formulate the 
repeatability hypothesis, we define the joint probability 
distribution of the repeated measurement using the ap- 
paratus A(x) by 

Pr{x e A,y e r} = \\[E^iT)(g,E^\A)]U\ij(g,Of- 

(22) 
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Then, the apparatus A(x) is said to satisfy the repeata- 
biUty hypothesis if 

Pr{x e A,y e r} = Pr{x e Anr}, (23) 

or equivalently 

[E'^{T)®E^{A)]U\i;(^0 

= [/i ®i;^(Anr)]c/|i^®0- (24) 

Thus, it suffices to show the last relation. Eq. with 
A = B implies 

[E^{T) ® l2]U\ij ® = U[E^{T) ® hWi^ ® 0, (25) 
and similarly, Eq. (|10p implies 

[h (E) E^U^)]U\tlJ ® = U[E^{T) ® /allV^ ® 0- (26) 
Combining the above two equations, we have 

[s^(r)®/2]c/|i^®0 

= [/i®^*^(r)]c/|V'®0- (27) 

Multiplying the both sides by Ii ® E^^{A) from left, we 
obtain Eq. p4|) . Thus, the apparatus satisfies the re- 
peatability hypothesis, and hence the observable A has 
purely discrete spectrum. Thus, A has complete or- 
thonormal eigenvectors \4>^p) satisfying ([T]). Applying 
Eqs. (do]) and ^ with B ^ A to the state |^/;) = |0^p), 
we obtain that U\(j)f^p ®) X) is an eigenvector belonging 
to the eigenvalue /i of both A(S)l2 and Ii ® M . Since the 
eigenspace oi A® I2 with eigenvalue fj. is spanned by all 
\4>pp ®X) with arbitrary p and arbitrary \X) £ jC, vector 
U\4>fip ® X) is generally written as Eq. ([2]). Since this 
is an eigenvector of /i ® M, the vector |A^pp') is in the 
eigenspace of /i ® M with eigenvalue /i, and hence satisfies 
condition Thus, we have shown that A(x) is of the 
Araki-Yanase type. Since the precisely measured observ- 
able A is uniquely determined by the output probability 
distribution, the uniqueness of A follows obviously. □ 

In the next section, we discuss the limitation on nonde- 
structive and precise measurements under a multiplica- 
tive conservation law, while in Section HVl we discuss the 
limitation to arbitrary precise measurements with non- 
destructively measurable meters. 

III. LIMITATION ON PRECISE AND 
NONDESTRUCTIVE MEASUREMENTS 
INDUCED BY MULTIPLICATIVE 
CONSERVATION LAWS 

Let A(x) be an apparatus described by [K., ]£,), U, M) 
for a Hilbert space H. Let Li and L2 be observables on 7i 
and /C, respectively. The observable L = Li®l2+Ii®L2 
is called an additively conserved quantity of A(x) if U 
satisfies 

[Li®l2+Ii®L2,U]^0. (28) 



The additive conservation law is generally associated 
with a continuous symmetry, and often holds for such 
quantities as energy, angular momentum, and spin. With 
reference to the discussions in the preceding section, 
Araki and Yanase [ll[ proved 

Wigner- Araki-Yanase Theorem: An apparatus 
A(x) with an additively conserved quantity L = Li ® 
12 + 11® L2 nondestructively and precisely measures an 
observable A, then the observable A must commute with 
the conserved quantity, i.e., [A, Li] ~ 0, provided that Li 
is bounded. 

An observable L = Li ® L2 with observables Li on H 
and L2 on JC is called a multiplicatively conserved quantity 
of A(x) if U satisfies 

[Li®L2,U]^0. (29) 

Multiplicative conservation laws are related to discrete 
symmetries such as parity, charge conjugation, and time 
reversal. Moreover, they also formally include all the ad- 
ditive conservation laws by exponentiating the additively 
conserved quantities. We shall show that a similar limita- 
tion to that for the additive case arises for measurements 
under multiplicative conservation laws. 

Let Li be an observable on H. An observable A is 
said to be nondestructively and precisely measurable un- 
der the multiplicative conservation law with Li, if there is 
an apparatus A(x) described by (/C, |^), U, M) such that 
A(x) precisely measures A without disturbing A and that 
A(x) has a multiplicatively conserved quantity Li ® L2 
for some invertible observable L2 on JC. In the following, 
\L\ stands for the modulus of the observable L defined 
by |L|2 = £2 and \L\ > 0. 

Theorem 2. Every nondestructively and precisely mea- 
surable observable A under the multiplicative conserva- 
tion law with Li commutes with \Li\, i.e., [A, |ii|] = 0, 
provided that Li is bounded and that Li has a bounded 
inverse or is an isolated eigenvalue (if Ti. is finite di- 
mensional, the above conditions are automatically satis- 
fied). 

Proof. Suppose that Li is bounded and that Li has a 
bounded inverse or is an isolated eigenvalue of Li . Sup- 
pose that A can be precisely and nondestructively mea- 
sured by an apparatus A(x) described by (JC, U, M) 
with conserved quantity Li ® L2 with an invertible L2. 
Let Pi be the projection operator to the kernel of Li. 
Then, the projection operator to the kernel of Li ® L2 
on T-i®JC is Pi ® I2; since L2 is invertible. From 
the conservation law we have [Pi ® I2,U] = 

and [P^ ® I2,U] = 0. Then, observing the equality 

{<l),.p®^\uHPi^®i2)u\(j)^a®0 = (0MP®^IA-^®-f2|0^^®O 

and Eq. ([2]), we have 

p'.a' 
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for all /i, V. From condition ([S]), ii ^ ^ v, we have 

(<^MplA^I'^-) = 0. (30) 

and hence [A, P^] = 0. Let W = P^U. Then, from the 
above, H.' ® K, is invariant under [/, and TC is invariant 
under A and Li. Let A' and L'j^ be the restrictions of A 
and Li to Ti' , respectively. Let U' be the restriction of U 
to TC ® JC. Then, the measuring process {K., |^), U' , M) 
precisely and nondestructively measures A' with multi- 
plicatively conserved quantity L'^ ® Li . Since L\ ® is 
invertible, the observable In \ L\ (g) L2I is well-defined and 
satisfies 

ln|Li ®L2\ =ln|Li| ® /a + /( ®ln|L2|, 

where /{ is the identity on H! . Then, we have [C/, In \L\ ® 
L2I] = 0, so that ln|Li| ® I1 + 1{ ® \vl\Li\ is an ad- 
ditively conserved quantity for (/C, |^}, ?7', A/). It fol- 
lows from assumptions on L\ that ln|L']^| is bounded. 
Thus, from the Wigner-Araki-Yanase theorem [ll[ it fol- 
lows that [^',ln|L'i|] = 0. Thus, we have {A!, |L'i|] = 
from \L\\ — expln|L'j^|. Therefore, we have — 
[A,\L^Pt\^{APtAL^Pt\=^ □ 

In comparing the WAY theorem for additive conser- 
vation laws with the present extension to multiplicative 
conservation laws, the following two features should be 
noticed. First, the measured observable A is required to 
commute with \L\ \ not with L^. Second, for the theorem 
to be valid, we need an additional assumption that Li 
is invertible. Indeed, these are necessary assumptions in 
the multiplicative cases as the following examples show. 
Let Ji and K be two dimensional Hilbert spaces, and for 
i = 1, 2 let (Ti , cTj} , dz be Pauli matrices for system Ti 
if i = 1, and /C if « = 2, where {|ai}}i=i,2 and {|^j)}j=i,2 
are eigenvectors of ai'^^ and cri^'' , respectively. Let us con- 
sider a measurement of ^ = ai^K With the measuring 

interaction U, which is a controUed-NOT gate defined by 

(2) 

U = \ai){ai\®Ii + \ai){ai\®ax , it is easy to check that 
the relation 

U\a,) ® l^i) = |a,) ® 1^,) (31) 

holds for i = 1,2, and hence the apparatus A(x) de- 
scribed by (/C, 1^1), U, M) nondestructively and precisely 
measures A. 

Example L Let Li — a^p and Li = ; notice that 

ax is invertible. It is easy to check that Li®Li satisfies 
the multiplicative conservation law with respect to U in 
([?T|) . However, the observable A = ai^^ does not com- 
mute with Li = ai^\ while A commutes with \Li \ = Ii. 
This shows that the commutativity with A applies to \Li\ 
and not to Li itself. Note that it is natural to impose the 
invertibility restriction on Li, since we have the trivial 
counterexample Li = 0. 

Example 2. Let Li be an arbitrary observable on TL 
and let Li be a noninvertible observable on K, defined by 



L2 = with ll) = ^(la) + 16)). Then, it is easy to 

sec [J7, Li (g) Li] = 0. However there exists an observable 
Li with which \Li\ does not commute with A, e.g., Li = 
\Li\ ~ \o){a\ with \a) — + ^2))- This shows 

that the invertibility of Li is a necessary assumption for 
Theorem [2] to hold. 

We shall now show that the usual WAY theorem for 
additive conservation laws is obtained as a corollary of 
Theorem[51 Let L be an additively conserved quantity for 
an apparatus A(x) as defined in (^5)) with Li bounded. 
Then, A(x) has a multiplicatively conserved quantity 
exp(Li) (g) exp(L2) satisfying (|29p . In this case, exp(L2) 
is invertible and exp(Li) is bounded and has a bounded 
inverse, so that Theorem [5] concludes [A, | exp(Li)|] = 0. 
Since exp(Li) is positive, we have [A, exp(Li)] = and 
hence [A, Li] = 0. It is important to point out that 
Theorem [5] for multiplicative conservation laws is not di- 
rectly obtained from the usual WAY theorem by taking 
the logarithm of the multiplicatively conserved quantity. 
Since Li in condition (j29p is not assumed to be invert- 
ible. In IL1C3L2I is not necessarily an additively conserved 
quantity. 

Another application of Theorem [2] leads to a limitation 
on a measurement such that the measuring interaction 
has an invariant state. 

Theorem 3. Suppose that an apparatus A(x) = 
(/C, \i),U,M) nondestructively and precisely measures an 
observable A on Ti. If the measuring interaction U leaves 
a product state p\ ® pi invariant, where pi is a density 
operator on Tl with finite rank and pi is an invertible 
density operator (such as the Gibbs state) on K., we have 

[A,pi]=0. (32) 

The above theorem follows easily from Theorem [5] with 
Li = pi and Li = pi. 



IV. LOWER BOUND FOR THE 
MEAN-SQUARE NOISE AND LIMITATION ON 
ARBITRARY PRECISE MEASUREMENTS 

Now we consider quantitative limitations to measure- 
ments under multiplicative conservation laws. For this 
purpose, a technique previously developed in Ref. [131 is 
used, and we obtain a bound for the mean-square noise 
e(A, |i/')) under a multiplicative conservation law. 

Suppose that an apparatus A(x) described by 
(/C, 1^), C/, il/) has a multiplicatively conserved quantity 
Li ® Li. From the Heisenberg- Robertson's uncertainty 
relation for standard deviations of the noise operator N 
and the modulus of the multiplicatively conserved quan- 
tity, \Li (g Li\ = \Li\ (g \Li\, in the state ® 0; we 
have 

a(7V)V(|Li ® Li\Y > i|([7V, |Li| ® \Li\])\\ (33) 
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where a{X) and (X) denote the standard deviation and [U, \Li\ IL2I] = 0, we have the commutation relation 
the mean of X in state |'0 ® Oi respectively. Since 



[iV,|Li|® IL2I] = [A,\Li\]®L2-U\\Li\^[M,\L2\])U. 



(34) 



Observing the relations e{A, IV-))^ > e{A, It/;))^ - (iV)^ = a{N)^ and (?/'||iiP|V')(?ll^2p|0 = ® ^2^) > 



L2|)^, we obtain 



4e(A |^))^(^||2.in^)(e||i2nO > \{[A, \L,\] ® - UH\L,\ ® [M, |L2|])C/)|^ 



(35) 



Let Ker(Lj) for j = 1,2 denote the kernel of Lj in Ti or IC, respectively. Let |V') ^ Ker(Li) and |^) ^ Ker(L2). Then, 
we have (■0||Lip|-0)(^||L2p|O 7^ ^^^d hence we obtain a bound for the mean-square noise as 



\{[A,\L^W®\L2\~W{\L^\®[M,\L2\])UW 
m\LiV\i')mL2?\0 

I 



(36) 



Now, we require Yanase's condition [12, l2C 
[A/,|L2|] =0. 



(37) 



This condition eliminates a circular argument to show 
the measurability of A under a conservation law by re- 
ducing it to the measurability of Af whose measurability 
is still unresolved under the same conservation law. In 
order to ensure the measurability of A, even if we al- 
low the measurement of A to be destructive, it is natural 
to assume that there is a measuring process in which 
the meter measurement can be done nondestructively to 
achieve the stability of the measurement outcome to be 
recorded. Then, this is possible in the presence of a mul- 
tiplicative conservation law with L2 only if the relation 
[Af, \L2\] = holds. Thus, it is natural to require the 
existence of a measuring process in which Yanase's con- 
dition holds for the meter observable. 
Under Yanase's condition we have 



> 



4(^||iiP|^) 



Ri\L2 



(38) 



where i?(|L2|) is the ratio of the squared mean of IL2I to 



the mean of 



IL2I ill state 1^), i.e. 



^(1^21) 



(^11^2^10 



< 1, 



(39) 



where the last inequality holds for any state |^) since 
(^I|i2|'l0-(ei|i2||0' =^(1^21)2 >0. Theratioi?(|L2|) 
is directly related to the coefficient of variation (relative 
fluctuation) CV(|L2|) of IL2I, the ratio of the standard 
deviation of IL2I to the mean of IL2I in state |^), i.e.. 



^(1^21) 



a{\L2\r + m2m' 



-CV(|L2 



(40) 



Let Li be a bounded observable on H. An observable 
A on Ti. is said to be precisely measurable under the multi- 
plicative conservation law with Li if there is an apparatus 
A(x) described by (/C, |^), J7, M) such that A(x) precisely 
measures A, that A(x) has a multiplicativcly conserved 
quantity Li ® L2 for some invertible and bounded observ- 
able L2 on IC, and that A(x) satisfies Yanase's condition. 
Then, we obtain the following generalization of the WAY 
theorem. 

Theorem 4. Every precisely measurable observable un- 
der the multiplicative conservation law with Li commutes 
with \Li\. 

Proof. Let A(x) be an apparatus, described by 
(/C, 1^), U, M), to carry out a precise measurement of A 
having a multiplicatively conserved quantity Li ® L2, 
where Li is bounded and L2 is bounded and invert- 
ible, and satisfying Yanase's condition. We can assume 
without any loss of generality that A is bounded; oth- 
erwise, replace A by tan""'^ A and M by tan~^ M for 
instance. Then, we have e{A, ji/')) = for any state 
\^) e H. Let IV') e n and |0 € /C. Then, Eq. ^ con- 
cludes (V-ll^, |ii|]|V')(?l|i2||0 = under Yanase's con- 
dition. Since L2 is invertible, we have (C||i2||C) > 0, 
and |Li|]|-0) = holds. Therefore, we conclude 

[A|ii|] = 0. □ 

Note that the condition [A, |Li|] = is equivalent with 
[A, Lf] = 0. Thus, we have shown that an observable 
not commuting with the modulus of, or equivalently the 
square of, a multiplicatively conserved quantity cannot 
be precisely measured. 

To figure out the apparatus state |^) which makes the 
measurement of A as precise as possible, let us consider 
the state that minimizes i?(|L2|); for simplicity we as- 
sume L2 to be of finite rank. If IL2I is constant, then 
i?(|L2|) is always 1. Suppose that IL2I is not constant. 
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and let Im and Im be the minimum and maximum eigen- 
values of IL2I, respectively. Then, i?(|L2|) takes the mini- 
mum value ^'"'m ^ I Indeed, it is straightforward to 
prove the following statement in discrete probability the- 
ory: Let L be a random variable with values (^i, I2, . ■ ■ , Id) 
with d>2 and Q < h < I2 < ■ ■ ■ < Id- The ratio 

R{L) = ^^-^^f (41) 

with the probability distribution {pi,P2, ■ ■ ■ ,Pd) has the 
minimum ,,'^^'''.2 with the unique probability distribu- 

tion ( , ''f, , 0, . . . , 0, , ), while the variance of L is 

maximized by (^,0,...,0,^). The above minimum is 
attained by any state |^mm} with the following proper- 
ties: The probabilities to obtain the outputs /„i and Im 
E^re I ''^^^ and ^ , respectively, while the probabil- 
ities to ottain tKe other eigenvalues are zero. There- 
fore, any such state \£,min) can be written as |^mm) = 

\[tSt^\'^) + Vdrfcl^) ^ith |m) and |M) being 
eigenstates of IL2I with eigenvalues Im and Zm, respec- 
tively. 

V. CONCLUDING REMARKS 

In this paper natural generalizations of the WAY the- 
orem to multiplicatively conserved quantities have been 
established. We have characterized nondestructive and 
precise measurements of an observable by the root-mean- 
square noise and disturbance. We have proved that every 
nondestructively and precisely measurable observable un- 
der the multiplicative conservation law with arbitrary Li 
and invertible L2 commutes with \Li\\ here, we confine 
ourselves to the finite dimensional case for simplicity. By 
taking exponentials, every additive conservation law can 
be regarded as a multiplicative conservation law, such 
that both Li and L2 are invertible. Thus, the original 
WAY theorem is recovered as a simple corollary. An ex- 
ample shows that there is a nondestructively and pre- 
cisely measurable observable not commuting with Li un- 
der the multiplicative conservation law with arbitrary Li 
and invertible L2- Thus, the noncommutativity applies 
to \Li \ instead of Li. Another example shows that the in- 
vertibility of L2 cannot be dropped from the assumptions 
of the above statement. An interesting application of the 
above statement is given to invariant states of measuring 
interactions. 

We have also investigated destructive measurements 



to drop the assumption of measurements to be nonde- 
structive from the above statement. In this case, a gen- 
eral lower bound for the root-mean-square noise is estab- 
lished in Eq. ([55)1 under Yanase's condition that ensures 
that the meter observable can be precisely and nonde- 
structively measured with the same conserved quantity. 
This condition is necessary for eliminating a circular ar- 
gument. The above lower bound shows that in order 
to overcome the limitation we need to make large the 
coefficient of variation of the conserved quantity in the 
apparatus. Then, we have concluded that every precisely 
measurable observable under the multiplicative conserva- 
tion law with bounded Li and bounded and invertible L2 
commutes with \Li\. 

An interesting problem in experimental settings is to 
obtain a tighter lower limit for the root-mean-square 
noise in the presence of a multiplicatively conserved 
quantity; our result is the most general one but more 
specific results can be tighter than the most general. The- 
orems in the present paper are stepping stones towards 
developing a WAY type theorem for conserved quantities 
that has both additive as well as multiplicative compo- 
nents, e.g. a Hamiltonian of a multiparticie system with 
an interaction term. 

A broad area of applications of the present investiga- 
tion is general implementation limitations on quantum 
computers. For additive conservation laws, there has 
been an extensive literature [J, [3, i, i, i, E 0, i, H 
on the conservation-law-induced quantum limits on the 
performance of elementary quantum gates; see also 
[2§, HO, [m, [13, m, m, m for the model-dependent ap- 
proach to the limitations of quantum gate operations re- 
alized by the atom-field interaction, which has turned 
out to be consistent with the model-independent ap- 
proach based on conservation laws. Our method will 
be also expected to contribute to the problem of pro- 
grammable quantum processors [3^, [13, [11] and related 
subjects [H,!!^, [4l| in future investigations. 
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